SYMMETRIES, NEWTONOID VECTOR FIELDS AND CONSERVATION 
LAWS IN THE LAGRANGIAN fc-SYMPLECTIC FORMALISM 



LUCIA BUA, lOAN BUCATARU, AND MODESTO SALGADO 

Abstract. In this paper we study symmetries, Newtonoid vector fields, conservation laws, 
Noether's Theorem and its converse, in the framework of the fc-symplectic formalism, using the 
Frolicher-Nijenhuis formalism on the space of fc^-velocities of the configuration manifold. 

For the case fc = 1, it is well known that Cartan symmetries induce and are induced by 
constants of motions, and these results are known as Noether's Theorem and its converse. For 
the case fc > 1, we provide a new proof for Noether's Theorem, which shows that, in the fc- 
symplectic formalism, each Cartan symmetry induces a conservation law. We prove that, under 
some assumptions, the converse of Noether's Theorem is also true and we provide examples when 
this is not the case. We also study the relations between dynamical symmetries, Newtonoid 
vector fields, Cartan symmetries and conservation laws, showing when one of them will imply 
the others. We use several examples of partial differential equations to illustrate when these 
concepts are related and when they are not. 



1. Introduction 

The fc-symplectic formalism [39] is the generalization to field theories of the standard symplectic 
formalism in Mechanics [1] [2] , which is the geometric framework for describing autonomous dy- 
namical systems. A natural extension of this formalism is the so-called fc-cosymplectic formalism, 
[551 [M] , which is a generalization to field theories of the cosymplectic formalism describing non- 
autonomous mechanical systems. One of the advantages of using these formalisms is that only the 
tangent and cotangent bundles of the configuration manifold are required to develop them. Others 
papers related with the fc-symplectic and fc-cosymplectic formalism are [20 l l27 l l28 l [37 l [401 l46 l l47] . 

The polysymplectic formalism developed by Giachetta, Mangiarotti and Sardanashvily in |14| . 
which is based on a vector-valued form defined on some associated fiber bundle, is a different 
description of classical field theories of first order than the fc-symplectic formalism. See also |21) . 
for other considerations regarding this aspect. The soldering form on linear frames bundle is a 
polysymplectic form, and its study and applications to field theory, constitute the n-symplectic 
geometry developed by Norris in [4T1 [42j l43l |44] . 

Alternatively, one can derive the field equations by use of the so-called multisymplectic formal- 
ism, which was developed by Tulczyjew's school, [221 [Ml H51 149j . and independently by Garcia 
and Perez-Rendon [12[ [13] and Goldschmidt and Sternberg [15] . This approach was revised by 
Gotay et al. [TU [ITl [181 [19] ^-nd more recently by Cantrijn et al. [3 [9]. The relationship of the 
fc-symplectic formalism with the multisymplectic formalism is studied in [46] . 

The aim of this paper is to study Noether's Theorem for first-order classical field theories, using 
the Lagrangian fc-symplectic formalism. This study was initialized in |47j where large part of the 
discussion is a generalization of the results obtained for non-autonomous mechanical systems. See, 
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in particular [521 and references quoted therein. We introduce the set of Newtonoid vector fields 
and prove that any Cartan symmetry is a Newtonoid vector field. Furthermore, we show that under 
some assumptions, Newtonoid vector fields are Cartan symmetries and they induce conservation 
laws. This result extends the work developed by Marmo and Mukunda in |36j . The study of 
symmetries in field theory, using various geometric frameworks, has been done in [5l lf llfT9ll301l37| . 

The structure of the paper is as follows. In Section [2] we review the /c-symplectic Lagrangian 
formalism, and hence the field theoretic state space of velocities is introduced in Section [m as the 
Whitney sum T^Q of fc-copies of the tangent bundle TQ of a manifold Q. This manifold has a 
canonical /c-tangent structure defined by k tensor fields (J^, . . . , j'^) of type (1, 1), see |3H I32|. In 
the case fc = I. is the canonical tangent structure of the tangent bundle TQ. The canonical 
fc-tangent structure of T^Q is used to construct the Poincare-Cartan forms. 

A particular type of second order partial differential equations, which we call SOPDE, are in- 
troduced in Section 12.21 They are a generalization of SODe's (semisprays) found in Geometric 
Mechanics. The Lagrangian formalism is developed in Section [531 

In Section [3] we discuss symmetries and conservation laws for Lagrangian functions on T^Q- We 
prove Noether's Theorem l3.91 which shows that each Cartan symmetry induces a conservation law. 
We provide in Proposition l3.11l some conditions under which the converse of Noether's Theorem is 
true. Noether's Theorem [33] was proved previously in 07j using local coordinates. Here we present 
a direct global proof using the Frolicher-Nijenhuis formalism. For a modern description of the 
Frolicher-Nijenhuis formalism see [251 §8]. In Section [3^ we introduce the set of Newtonoid vector 
fields in the framework of /c-symplectic formalism, extending the work of Marmo and Mukunda 
[36| for the case k = \. In Proposition 13 .81 we prove that Cartan symmetries are always Newtonoid 
vector fields. In Theorem 13.131 we show that, under some assumptions, Newtonoid vector fields are 
Cartan symmetries and hence they provide conservation laws. 

2. Review of Lagrangian /c-symplectic formalism 

In this section we briefly recall the Lagrangian fc-symplectic formalism. We refer the reader to 
[551 [Tf] for more details about this formalism. We present first the geometric framework for this 
formalism, which is given by the tangent bundle of fc^-velocities T^Q of the configuration manifold 
Q, together with the canonical structures. For a Lagrangian on T^Q, the geometric informations 
we need for the Lagrangian fc-symplectic formalism are encoded in the Poincare-Cartan forms. 
We discuss further systems of second order partial differential equations (sopde) as well as their 
relations with Euler-Lagrange equations. 

2.1. Geometric framework. 

The tangent bundle of k^ -velocities of a manifold. Canonical structures. In this work we consider 
Q a real, n-dimensional and C°°-smooth manifold. Throughout the paper, we assume that all 
objects are C°°-smooth where defined. Consider {TQ, r, Q) the tangent bundle of the manifold 
Q. We denote by C°°{Q) the ring of smooth functions on Q, and by X(Q) the C°°((3)-module of 
vector fields on Q. 

Let us denote by T^Q the Whitney sum TQ® ®TQ of k copies of TQ, with projection 
tq : T^Q — > Q. T^Q can be identified with the manifold Jg (R*', Q) of the fc^-velocities of Q; that 
is, 1-jets of maps cr: R*^ — > Q, with source at € M*'. For this reason the manifold T^Q is called 
the tangent bundle of k^ -velocities of Q, see [38] . If (g*) are local coordinates on U C Q, then 
the induced local coordinates in T^U = Tq^{U) are denoted by l<i<n, l<a<fc. 

Throughout this work we implicitly assume summation over repeated covariant and contravariant 
latin indices i,j,l,... G {l,...,ri}, as well as summation over repeated greek indices a, /?,... £ 
{l,...,fc}. 
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The canonical k-tangent structure on T^Q, see |39j . is the family J = ( J^, . . . , j'^) of k tensor 
fields of type (1,1), which are locally given by 

(2.1) j'-^A-^dq\ aG{l,...,fc}. 

In the case fc = 1, J-'^ is the well-known canonical tangent structure of the tangent bundle. 
The Liouville vector field, C G X{T^Q), is the infinitesimal generator of the following flow 

tA: K X r,iQ ^ T^Q, V^s, {q,vi, . . .,Vk)) = (<?, e^«i, . . . , e'vk). 
In local coordinates, the Liouville vector field has the form 

(2.2) C = <^. 

The vertical distribution is the /cTi-dimensional distribution on T^Q given hy V : u ^ T^Q ^ 
V{u) = KerduTQ = Ker J„ C TuT^Q- The vertical distribution V splits into k subdistributions 
V'"(m) = Im J"(u), a G {l,...,fc}. Each of these vertical subdistributions are n-dimensional and 
integrable since V°'{u) = span {d/dvl^, 1 < i < n}. 

Poincare-Cartan forms on T^Q- The Lagrangian fc-symplectic formalism for a Lagrangian func- 
tion L on T^Q can be developed from the corresponding Poincare-Cartan forms. 

Definition 2.1. A Lagrangian is a smooth function L on T^Q. A Lagrangian L <E C°°{T^Q) is 
called regular if the Hessian matrix of L with respect to the fibre coordinates, 

(2.3) grfiq,v) = ^^^{q,v) 

has maximal rank kn on T^Q- 

For a Lagrangian L, the energy function is El = 'C(L) — L G (T^Q), with local expression 

(2.4) E,^v:,^-L. 

^ a 

For each Lagrangian L G C°°{T^Q) we consider the family of Poincare-Cartan 1-forms 6'£ = 
djoL = dL o J", as well as the family of Poincare-Cartan 2-forms on T^Q, loI = ~dOf^. 
In induced local coordinates on Tj.Q, the Poincare-Cartan forms are given by 

Fit 

(2.5) ei = --dq\ 



ui, 



, ^ . ^ . . .dq"- Adq^ ^ ■. dg' A dvi. 

2 \dqidvl, dqWviJ dv^dvl^ " 



We recall now the definition of a fc-symplectic structure, see [3J|3]. 

Definition 2.2. A k-symplectic structure on a fc + vifc'-dimensional manifold M is given by a family 
of fc, closed 2-forms (o;-'^, ...,aj'^) and an integrable fcn-dimensional distribution V on A/ such that 

*) nLi Ker(c.") = {0}, **) c.f^,^^„ = 0, aG{l,...,fc}. 

Using formulae (|2.3p and (|2.5p one obtains that a Lagrangian L is regular if and only if 
the Poincare-Cartan 2-forms and the vertical distribution, {lu^, . . . , wj^, V = kerrg), define a fc- 
symplectic structure on T^Q, see [55] . 

3 



Complete lifts of vector fields. The lifting process of some geometric structures from a base manifold 
to the total space of some fibre bundle has proven its usefulness for studying the corresponding 
geometric structures [381 150j . For example, the complete lift of a system of second order ordinary 
differential equations contains informations about its symmetries and first order variations, [7]. 

Definition 2.3. Let 0: Q — > Q be a differentiable map, then the first order prolongation of 
to T^Q is the map T^c/) : T^Q T^Q, defined by T^(l){j^a) = j^{(j> o a). This means that for 
(g, ui, . . . ,Vk) G TqQ, q £ Q, we have 

Tk(l){q,Vl,---,Vk) = {dq<j>{vi),...,dq<j>{vk)). 

If Z is a vector field on Q, with local 1-parametric group of transformations hg-. Q ^ Q, then 
the local 1-parametric group of transformations T^hg-. T^Q T^Q generates a vector field Z'-' on 
T^Q, which is called the complete lift of Z to T^Q- If locally Z = Z'^d/dq^ , then the complete lift 
is given by 

r,^ d , dZ^ d 

Z^ = Z*— + v\ 



If we consider also the vertical lifts = J"Z'~'' , then the following properties are well known, 
see [38] . 

These formulae extend the well known properties of Lie brackets for vertical and complete lifts of 
vector fields to TQ, |50]. 

2.2. Systems of first and second-order partial differential equations. A vector field on 
a manifold M defines a system of first-order ordinary differential equations. Accordingly, a k- 
vector field on M, for some fc > 1, defines a system of first-order partial differential equations. 
Furthermore, some special fc- vector field on the manifold M ~ T^Q defines a system of second- 
order partial differential equations. 

First-order partial differential equations on a manifold. In this subsection, we briefiy show how 
fc- vector fields determine systems of first-order partial differential equations. 

Definition 2.4. A k-vector field on an arbitrary manifold M is a section X : M — > T^M of the 
canonical projection rji/ : T^M — > M . 

Since TlM is the Whitney sum TM® ®TM of k copies of TM, we deduce that a fc- vector 
field X defines a family of k vector fields ATi, . . . ,Xk G X(M) by projecting X onto every factor; 
that is, Xa ^ Ta o X, where : T^M TM is the canonical projection on the a*''-copy TM of 
T^M. 

Definition 2.5. An integral section of the fc-vector field X ~ {Xi, . . . , Xk), passing through a 
point X £ M, is a map -0: ?7 C M'^ — > A/, defined on some open neighborhood C/ of G R'^, such 
that 

V'(O) = X, dti> (^^1 J = XMi)) e T^,(t)M, for every t £ U, 1 < a < k. 

Equivalently, ip satisfies Xoip — 'ip'''^\ where i/'*-^-' : [/ C M'^ — )■ T^M is the first-order prolongation 
of V to TlM defined by 

^(1) : 1/ C M'^ ^ TlM 



In local coordinates, if ip{t) = {ip^Xt)), then we have 

(2.7) ^'•'Ht)^(i^'{t),^it) 

A fc- vector field X ~ {Xi, . . . , Xk) on M is integrable if there is an integral section passing through 
every point of M. 

Consider X = {Xi, . . . , Xk) a A:- vector field, where Xa = X^d/dx'^ in a coordinate system 
([/, a;') on M. The fc-vector field X induces a system of first-order partial differential equations on 
M, which is given by 

Ki^' (t)) = ae{l,...,fc}, »G{l,...,dimM}. 

From Definition [23] we deduce that ip is an integral section oi X ~ {Xi, . . . , Xk) if is a solution 
to the above system of first-order partial differential equations, which means that it satisfies 

^"(^W)=a^,' aG{l,...,fc}, *G{l,...,dimA/}. 

Systems of second-order partial differential equations. In this part we characterize those integrable 
fc-vector fields on M = T^Q that have as integral sections first order prolongations i/)'^' of maps 
(j) : U C — > Q- Such fc-vector fields define integrable systems of second-order partial differential 
equations on the base manifold Q. 

As we recalled, a fc-vector field in T^Q is a section ^: T^Q — > T^{T^Q) of the canonical 
projection tj^^q : T^{T^Q) ~> T^Q. We note that there are systems of partial differential equations 
that are not induced by fc-vector fields. However, in this work we are interested only in those 
systems of PDE that are induced by such fc-vector fields. In view of these considerations, we 
consider the following definition. 

Definition 2.6. A system of second-order partial differential equations (sopde) on Q is a fc-vector 
field ^ = (^1, . . . , ^k) on T^Q, which is a section of the projection T^tq : T^{T^Q) T^Q, namely 
T^tq o ^ = IdrpiQ^ and this is equivalent to 

(2.8) dTQO^^^T,,:T^Q^TQ, a e {!,..., fc}. 
Equivalently, above equations can be written as follows 

d{q,v)TQ{£,a{q,v)) = {q,Va), for (g, Wi , Ufc) € Q, ae{l,...,fc}. 

In the case fc = 1, Definition 12.61 reduces to the definition of a system of second-order ordinary 
differential equations (sode). 

Locally, a SOPDE ^ = (^i, . . . , ■^fe) is given by 

where are smooth functions defined on domains of induced charts on T^Q- 

All these considerations allow us to reformulate the definition for a SOPDE, using the fc-tangent 
structure and the Liouville vector field C (see formulae (|2.ip and (12.2^ 1. as follows. 

Proposition 2.7. A k -vector field ^ — {Ci, ■ ■ ■ ,^k) on T^Q is a SOPDE if and only if J"{^a) = C. 

If xjj : U C M.'' ^ TlQ, locally given by V(i) = ii'^ (t) , i>a{t)) , is an integral section of a SOPDE 
£, = {£,1, ■ ■ ■ ,^k) then from Definition 12.51 and formula (|2.9p it follows 



(2-10) g^^=^a(.t), ^^=C^{m) 



dtp 
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Using formulae (|2.7p and (|2.10p we obtain the following characterization for the integral maps of 
a SOPDE. 

Proposition 2.8. Let ^ = be an integrable SOPDE. // -0 is an integral section of ^, 

then ip = 4>^^\ where ip^^'^ is the first-order prolongation of the map 

<f> = TQ o tl; : U C M.'' % TlQ ^ g, 
and (j) is a solution to the system of second-order partial differential equations 

(2-11) lS7,it)-cJ<l>'{t),^{t) 



Conversely, if 4> : U d R'^ ^ Q is any map satisfying the system (|2.1ip . then (f>^^^ is an integral 
section o/^ = (^i, . . . ,4). 

Definition 2.9. If 0^^'' is an integral section of a SOPDE ^ = (^i, . . . , £^k), then map cj) will be called 
a solution to ^. 

From equations (|2.1ip we deduce that if ^ is an integrable SOPDE then necessarily we have the 
symmetry = for all a,/3 = 1, . . . Therefore, for a SOPDE ^, locally given by formula 
(|2.9p . we require the following integrability conditions |26j : 

(2.12) ^ap=iho., Ca(a^)=C/^(e-,),Va,/3,7G{l,-,fc}. 

Integrability conditions (|2.12p are equivalent to the fact that [^q,^^] = 0, Vq;,/3 € {1, ...,k}. The 
integrability conditions (|2.12p have been also proved in |35j . Due to the first symmetry condition 
(|2.12p we have that the system p. lip is a system of nk{k + l)/2 second-order partial differential 
equations. 

2.3. Euler-Lagrange equations. An important class of SOPDE on a manifold Q contains those 
whose solutions are among the solutions of the Euler-Lagrange equations for some Lagrangian 
function on T^Q- In Proposition l2. 1 II we characterize this class, while in Proposition l2 . 1 21 we discuss 
the relation between the solutions of a SOPDE in this class and the solutions of the corresponding 
Euler-Lagrange equations. 

The variational problem for a Lagrangian L on T^Q leads to the following system of Euler- 
Lagrange equations 

o^ d fdL\ dL ^ 

Euler-Lagrange equations (|2.13p can be written as 

(2 14) q-^^ + ^rP -^-0 

which represents a system of n second-order partial differential equations on Q. 

Denote by X\{TlQ) the set of fc- vector fields ^ = (Cii • ■ ■ iCfc) on T^Q, which are solutions to 
the equation 

(2.15) i^^uj2=dEL. 
If each is locally given by 

d _d 

' dv 



(2-16) ^c.^Cajr-+Cpj^, ae{l,...,fc}. 



then (^1, . . . , ^fc) is a solution to (|2.15p if and only if the functions and satisfy the following 
system of equations 

(2 17) (Jl^^^]e^^^e = v^^-^ 



If L is a regular Lagrangian. the above equations are equivalent to the following equations 
(2 18] J^,i + J^yJ - ^ - e -v^ 

Using equations p.l7p we deduce the following lemma. 

Lemma 2.10. Consider L £ C°°{T^Q) a Lagrangian. 

1) // L is regular, then any k-vector field ^ G X'KT^Q) is a SOPDE, it is locally given by 
formula (|2.9p and satisfies equations (j2.18p . 

2) If ^ ^ X\{T^Q) and ^ is a SOPDE, then it is locally given by formula (j2.9p and satisfies 
equations (j2.18p . 

Next proposition characterizes the set of SOPDEs that are in X'l{T^Q). 

Proposition 2.11. Let L G C°°{TlQ) be a Lagrangian and let ^ = (^i,...,^fc) be a SOPDE on 
T^Q. Then ^ G X^(r^Q) if and only if it satisfies the following condition: 

( dL \ dL 

(2.19) C,J2^dL, or locally ^^^—j^—. 

Proof. We will start by proving that the first equation in (|2.19p is equivalent to equation (|2.15p . 
Since ^ is a SOPDE we have that J"^q ~ C and hence it follows that i^^d^ = S^i^a) — {dL 
J°'){£,a) = 'CL. Using the fact that ci;£ ~ —d^^t '^^ obtain 

C^Jl = di^Jl + i^^dOl = d{CL) - i^^uj^ ^ dL + [dEL - i^^l) ■ 

It follows that the first equation in (|2.19p is equivalent to equation (|2.15p . 
Since ^ is a SOPDE it follows that £,a{q'^) = Va- Therefore, we have 

C,Jl-dL = C,(^dq^-dL = iJ^)dq^+(^)dvl^-dL 



o 



" (9u* / dq^ 



dq\ 

and hence the two equations in (|2.19p are equivalent. □ 

We will discuss now the relation between solutions of the Euler-Lagrange equations (|2.13p or 
(|2.14p and integral sections of A:- vector fields in X\{TlQ). 

Proposition 2.12. Consider a Lagrangian L on T^Q and a k-vector field ^ G X|(r^Q). 

1) If ^ is a SOPDE, then a map (p : U C M*^ Q is a solution to the Euler-Lagrange equations 
(|2.13p if and only if 

(2-20) %'°^^"(^^^°'^^^^-^)=«- 

2) // the Lagrangian L is regular, then ^ is a SOPDE, and if (p : U C M'"' Q is a solution to 

then <f> is a solution to the Euler-Lagrange equations (|2.13p . 
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3) If £, is integrable, and (f)^^'^ : U C M*"' — !■ T^Q is an integral section, then (f) : U <Z M'"' — > Q 
is a solution to ttie Euler-Lagrange equations (j2.13p . 

Proof. 1) Consider a map (p : U C R'' ^ Q. If is a solution to the Euler-Lagrange equations 
(|2.14|) . then we have 

(2 21) o"^ o 0(1) ^ + ^ o 0(1) ^ _ ^ „ 0(1) _ 

If the fc- vector field ^ is a SOPDE, then ^ G X'l{T^Q) if and only if it satisfies the equations 

If we restrict equation (|2.22p to the image of 0(i) we obtain 

Using equations (|2.23p it follows that satisfies (|2.20p if and only if it satisfies (|2.2ip that are 
equivalent to Euler-Lagrange equations (|2.14p . 

2) If : J7 C K.'^ — !■ Q is a solution to ^ then it satisfies equations (|2.1ip . Therefore, equations 
(|2.20p are automatically satisfied and hence is a solution of the Euler-Lagrange equations (|2.14p . 

3) Since ^ e X|(T^(5) it follows that ^ satisfies first equation (|2.17p . If we restrict this equation 
to 0(1) : J7 C K.'^ — > T^Q, which is an integral map of ^, we obtain that satisfies the Euler- 
Lagrange equations (|2.14p . □ 

Remark 2.13. The results of Lemma [2.101 and results 2) and 3) of Proposition 12.121 are the fun- 
daments of Lagrangian fc-symplectic formalism and equation p.isp can be seen as a geometric 
version of the Euler-Lagrange field equations. 

Remark 2.14. Formula (|2.20p does not require any relationship between the fc-vector field ^ G 
X'l{T^Q) and the solution to the Euler-Lagrange equations (|2.13p . In other words, we might 
have a solution to the Euler-Lagrange equations (j2.13p which may not be a solution for any 
i G XliT^Q) 

Example 2.15. In this example we consider the theory of a vibrating string. Coordinates (t^,t'^) 
are interpreted as the time and the distance along the string, respectively. If : {t^,t'^) G — > 
(j>{t^,t'^) G M denotes the displacement of each point of the string as function of the time t^ and 
the position t^, the motion equation is 

c>^0 ^0 

dit'f ^d{t' 

where a and t are certain constants of the mechanical system. 

Equation (|2.24p is the Euler-Lagrange equation for the regular Lagrangian 

(2.25) L : T.^R M, L{q, ui, wa) = ^{crvl - rw|). 
From formulae (|2.5p and (|2.25p we deduce that 

(2.26) ui]^ = adq A dvi, lu\ ~ —rdq A dv2, dEL = avidvi — TV2dv2- 
Therefore, a SOPDE (Ci,6) e X{T^M.) 

d d d d d d 

Z,l ^ Vi — + 411- h 4i2t; , ?2 = W2Tr + Sl2 7^ 1" ?22 , 

aq ovi OV2 oq ovi OV2 



is a solution to equation (|2.15p if and only if it satisfies 
(2.27) C7(n - T62 = 0. 

The integrability conditions (|2.12p are in this case 



(2.28) 



9^11 9^12 



di'i dv2 ' dv2 dvi 
An example of an integrable SOPDE, which is a solution to ()2.27p is given by 

S,l=Vl—+T {(j{vif + T{v2f) t: 1- 2aTVlV2^T—, 

oq ovi OV2 

6 = W2Tr + 2crT'(;iU2T; h cr (cr(wi)^ + T{v2f) -TT—- 

oq avi OV2 

Thus any solution of the integrable SOPDE (^1,^2) in the formulae above is a solution of the 
vibrating string equation (|2.24p . 

3. Noether's theorem 

In this section we discuss symmetries and conservation laws for Lagrangian functions on T^Q- 
We introduce the Newtonoid vector fields in this framework, extending the work of Marmo and 
Mukunda [36] for the case fc = 1. We provide a new proof for Noether's Theorem 13.91 as well as 
some conditions under which its converse is true. Noether's Theorem 13.91 was proved previously 
in [47] using local coordinates. Here we present a direct global proof using the Frolicher-Nijenhuis 
formalism. 

3.1. Conservation laws and Cartan symmetries. For a regular Lagrangian on TQ, the cor- 
responding Euler-Lagrange equations are equivalent to a SODE. This implies that its dynamical 
symmetries are equivalent to Cartan symmetries, which (locally) determine and are determined 
by constants of motions |101 §13.8]. For A: > 1 and a Lagrangian L on T^Q none of the above 
equivalences are true anymore in the very general context. However, some relations remain true. 
In this subsection we discuss such relations between Cartan symmetries and conservation laws. 

Definition 3.1. A map / = (/^, . . . , /'') : TjtQ — > M'^ is called a conservation law (or a conserved 
quantity) for the Euler-Lagrange equations p.l3p if the divergence of 

U C i?'" ^ AI solution to the Euler-Lagrange equations p.l3p , that is 



is zero, for every 1 
(3.1) 



9(/" O (/)(!)) 



dt" 



_ dr 






92^' 


t dq^ 


</,(!)(*) at" 




<t,w(t)dt°'dtl^ t 



Now, we present a simple example of conservation law. 
Example 3.2. The following two functions /" : TjR ^ R, a £ {1, 2}, where 
(3.2) f\vuV2) ^ ~2aviV2, f{,vi,V2) ^ (j{vif + t{v2)\ 

give a conservation law for the Euler-Lagrange equation (|2.24p . In fact, if > 
Euler-Lagrange equations (|2.24p . using (|3.2p we deduce that 



is a solution to the 



Hence the functions 



dt^ ' 9t2 °' 
give a conservation law for the Lagrangian (|2.25p . 
9 



Lemma 3.3. Let f — (/^, . . . , /*-') : T^Q R'^ be a conservation law. Let ^ — (Ci, • ■ • , Cfc) be an 
integrable SOPDE in X\{TlQ), then 

(3.3) ^o(r)=o. 

Proof. Since ^ is integrable we know that for every point x T^Q there exists an integral section 



(1) : t/ C R'' 

1) 

2) (j) satisfies 



T^Q such that 



1) is a solution to the Euler-Lagrange equations, because ^ G X'l{T^Q), 



U^^'Ht))&T 



0(i)(t) 



for every t E U and for all a E {1, k}. 
Condition 2) above means that 



(3.4) 

Since /= (/I, 
we have 

= 



dt^ 



I Cat 



a2 



df^dtP 



, f^) is a conservation law, using formula p.ip at i = 0, and using formulae p.4p . 



a(/" o0(l)) 


_ 9r 


90* 








(9i" 


9(7* 


0(1) (0) 


H 






</,(!) (0) at^^t/^ 



9/" 














xdt" 









dq'- 



or 

dvl 



□ 



The converse of Lemma 13.31 mav not be true, and the reason is that, as we can see from formula 
(|2.20p , we might have solutions of the Euler-Lagrange equations (|2.14p that are not solutions to 
some e e XliTlQ). 

However, we will see in the following Lemma that, under some assumption on functions this 
converse is true. 

Lemma 3.4. Let L € C°°(T^Q) be a Lagrangian and assume that there exists a vector field 
X G XiTlQ) such that 

(3.5) ix^£ = dr, Vae{l,...,fc}, 

for some functions /" : T^Q — > R . 

Then, /" is a conservation law for the Euler-Lagrange equations (|2.13p if and only if^aif") ~ O7 
for all integrable SOPDE ^ G X'l{T^Q). 

Proof. The direct implication is given by Lemma 13.31 Note that for this implication we do not 
need the assumption on the existence of the vector field X that satisfies p.5p . 

For the converse implication consider X = X^d/dq^ + Xl^d/dv]^ a vector field on Tj.Q that 
satisfies p.Sp . In view of the second formula (|2.5p we can write equation p.5p as follows 



/ d'^L 



d^L 



Xdq'-dvi dq^dvl^ 
and necessarily we have 

(3.6) 



df" 



dq' + gtfx'dvl = ^dq' + '^dvl 



d.r , ^ df° 



dq' 



dvi 



9z3 X 
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Consider now (f> any solution to the Euler-Lagrange equations (|2.14p (which may not be a solution 
of any ^). It follows that satisfies equations (|2.20p . since ^ is assumed to be an integrable SOPDE. 
If we contract equations (|2.20p by X"^ o (f>^^\ we obtain 

(3-7) (^^°^'^^)(5S'°<^^'^)(^-e,°0^^^) =0. 

If we replace formula p.6p in equation p.7p we obtain 

and this formula proves the result. □ 

Let us recall the definition of Cartan symmetry for a Lagrangian L, see |47| . 

Definition 3.5. A vector field X € X{T^Q) is called a Cartan symmetry of the Lagrangian L, if 
Cxujf = for aU a £ {1, k} and CxEl = 0. 

In this case the flow (pt of X transforms solutions to the Euler-Lagrange equations on solutions 
to the Euler-Lagrange equations, that is, each (j)t is a symmetry of the Euler-Lagrange equations, 
see [47| . 

From condition Cx'^l = one obtains that there exists locally defined functions /" such that 
ixi^L ~ ^f"- Thus if X is a Cartan symmetry Lemma [3.41 holds locally. 

3.2. Newtonoid vector fields. In this subsection we study some properties of the set of Newtonoid 
vector fields associated to a SOPDE, generalizing the k = 1 case, introduced by Marmo and Mukunda 
in [35]. Properties of the newtonoid vector fields associated to a SODE and their relations to sym- 
metries and first order variation of geodesies were studied [5] . We extend some of these properties 
to the case A: > 1. In Proposition 13.81 we prove that Cartan symmetries of a regular Lagrangian L 
are Newtonoid vector fields for all corresponding SOPDE ^ £ X'l{T^Q). 
We fix a SOPDE ^ and consider the following set of vector fields on T^Q 

(3.8) = Kcr (J" oC^Jd X{T^Q). 
The set X^ can be expressed locally as follows 

(3.9) X, = |x e x(r,iQ), X = X' A + C.(X') A| . 

Indeed, for a vector field X e X{T^Q), we have 



(3-10) = (c.(x')-x^)^ + (Ca(x^)-x(e;,))^, 

and therefore J° o C^^ {X) = if and only if £,a{X') = X^. 

Definition 3.6. Consider ^ a SOPDE. 

1) A vector field AT G Xj is called a Newtonoid for ^. 

2) A vector field X G X{T^Q) is called a dynamical symmetry of ^ if [•CajAT] = 0, for all 
a G {l,...,fc}. 

From formula (|3.10p it follows that any dynamical symmetry for a SOPDE ^ is a Newtonoid for 
^. For fc = 1, the set X^ was introduced in and it was called the set of Newtonoid vector fields. 
In the next lemma we provide some properties of the set of Newtonoid vector fields. 
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Lemma 3.7. For a SOPDE ^ consider the map : X{T^Q) — > X{T^Q), given by tt^ = Id+J^oC^^ . 

1) The map ttj satisfies o n^r = n^, for any two SOPDEs ^ and In particular we have 
7r| = TTj and hence tt^ is a projector; 

2) ImTT^ = X^, KcrTT^ = X'"{T^Q), and hence the following sequence is exact 

^ X^(T^iQ) A X(rj^Q) A ^ 0. 

3) For f G C°°{T^Q) and X G X^, we define the product 

(3.11) / * X = n^ifX) = fX + Uf)J"X G X^. 

The set Xj is a C°° {Tj.Q) -module with respect to the * product. 

4) A vector field X on T^Q is a Newtonoid for ^ if and only if it has the local expression 

(3.12) X = X\q,v)*-^^. 

Proof. Using the definition of tlie map tt^ it follows that tt^ o tt^i = Id + J" o C^^ + J" o C^'^ + J" o 
C^^ ojf^o C^, . Now using the formula J" o o J'' = — J'' it follows that ttj o tt^i ~ n^, which 
shows that first part of the lemma is true. 
Using formula p.lOp . we have 

which shows that ImTr^ = X^ and KcrTr^ = X'"(T^Q). 

With the * product defined in formula (|3.1ip . the map tt^ transfers the C°°(TjJ (3)-module 
structure of (X(T^(5), •) to (X^, *). 

We have that Iuitt^ = X^. Therefore X G X^ if and only if X = 7r^{X). Using the above 
properties of map ttj, a vector field X on T^Q is locally given as in the last part of formula (|3.9p 
if and only if it is given by formula p.l2|l . □ 

From formula ()2.6p it follows that the complete lift Z'^ G X{TlQ) of a vector field Z G X{Q) is 
a Newtonoid vector field for an arbitrary SOPDE ^. In the next proposition we will see that the set 
of Newtonoid vector fields contains also Cartan symmetries. 

Proposition 3.8. Consider L a regular Lagrangian on T^Q and X G X{T^Q) a Cartan symmetry 
of L. Then X is a Newtonoid vector field for every ^ G X'KT^Q). 

Proof. Consider X G X{T^Q) a Cartan symmetry of L and ^ G X'l{T^Q). Since L is regular it 
follows that ^ is a SOPDE. Moreover, ^ is a solution of the equation = dEi,. If we apply Cx 

to both sides of this equation and use the commutation rules we obtain 

Using now the fact Cx'^t — ^i^d CxEl = it follows that 

(3.13) = 0. 

We will prove now that equation (|3.13p implies that J" [^^ ,X] — Q and hence X is a Newtonoid 
vector field for ^. Using formula (|3.10p . we have 

(3.14) K-^] = ^4-^^"^4' 

where = Ca(^') - X'^ and V^p = Ca(^p - ^(C/s)- Using formula it follows that the 

fc-symplectic 2-forms a;£ can be written as follows 

(3.15) ul = a%dq' A dq' + gffdq' A dv'^, 
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where 



If we replace now formulae p.l4p and p.lSp in equation p.lSp we obtain 

{2a%Vi - gl^Vifi) dq^ + g^fv^^dv^ = 0, 

which implies that g°fV^ = 0. Using the fact that the Lagrangian L is regular it follows that g°j^ 
has maximal rank and hence = ^^(X*) — = 0, which shows that X is a Newtonoid vector 
field for ^. □ 

3.3. Noether's Theorem. For the k = 1 case it is well known that Cartan symmetries induce 
and are induced by constants of motion, and these results are known as Noether's Theorem and its 
converse. For fc > 1, Noether's Theorem is also true, each Cartan symmetry induces a conservation 
law, see Theorem l3.9l However, its converse may not be true. In Proposition 13. Ill we discuss when 
this is the case. 

The following theorem is proved in |47[ Thm 3.13] using local coordinates. Here we give a direct 
proof of Noether's Theorem using the Frolicker-Nijenhuis formalism on T^Q. This proof will allow 
us to discuss also when the converse of Noether's Theorem is true, for A: > 1. To show that there 
are cases when the converse of Noether's Theorem is not true, we provide examples of conservation 
laws that are not induced by Cartan symmetries. 

Theorem 3.9. (Noether's Theorem) Consider L a Lagrangian on T^Q and X G X{T^Q) a Cartan 
symmetry for L. Then, there exists (locally defined) functions g" on T^Q such that 

(3.16) Cx02 = dg" 
and the following functions 

(3.17) ^ ei{X) ~ g°' 
give a conservation law for the Euler- Lagrange equations. 

Proof. Since X is a Cartan symmetry for L it follows that Cx^^l = and hence the 1-forms CxOf^ 
are closed. Locally, on T^Q, one can find function g°' such that C-xOI = dg"^, thus 

ixdei+dixei=dg'', 

or equivalently 

ixu:l^d{ei{X)-g'^). 

We will show now that functions /" = 01{X) — 5", in formula (|3.17p . give a conservation law. We 
will compute first £,a{f")- 

Using formula p.l7p we have 

Uf") - C^^tx02~U9l^ixC^Aj^L + i[^^^x]dj»L~U9'") 

(3.18) = iA-di + i[c„,x]rfj°^-ea(g")- 

We apply now i^^ to both terms in formula CxdjaL — dg'', sum over a, and obtain 

^a(g") = i^Ag"' =i^^Cxdj^L = CxiiAj''L + i[^^^x]dj'>L 

^ CxC{L) +i[^^^x]dj''L. 

If we replace now, {g" ) , from the above formula in formula p.lSp we obtain (/" ) = —^x (El) ~ 
0. Therefore we have: 

^(D^O, ^xio2^df". 
Now using Lemma [3.41 it follows that /" is a conservation law for i. □ 
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We have seen that if X is a Cartan symmetry for a Lagrangian L on T^Q then the functions 
ja g C°°{T^Q), which satisfy the equation ix^^2 ~ 'V"; give a conservation law for L. We say that 
this conservation law /" is induced by the Cartan symmetry X . For k > 1 there are conservation 
laws that are not induced by Cartan symmetries. Next we provide such an example. 

Example 3.10. 

a) We have seen in Example 13.21 that the functions /" : T2M. — > M, given by formula (|3.2p . give a 
conservation law for the Euler-Lagrange equations (|2.24p . We will prove now that this conservation 
law is not induced by a Cartan symmetry, and hence it will show that the converse of Noether's 
Theorem 13.91 is not true, unless the assumptions p.5p are satisfied. Consider X e X(T2^R), locally 
given by 

oq ovi 0V2 
Using formulae (|2.26p . first equation (|3.5p . for a = 1, can be written as follows 

5ji 5ji Qf^ 
ix^i = (T{Zdvi - Zidq) = df^ = ——dq + - — dvi + - — dv2. 

oq ovi OV2 

This implies that ^J— = 0, which is not true, since in our case §^ = —2avi. 
^ 0V2 ' ' 0V2 ^ 

b) Consider the homogeneous isotropic 2-dimensional wave equation 

(3.19) Utt - CUxX - CUyy = 0. 

Let us make the following notations — t^t^ ~ x,t^ ~ y and q — u. The regular Lagrangian 
function L £ C°°{T^R) for the wave equation (|3T9l) is 

(3.20) L^^{iv^r-c{v2r-civ3r). 

Each of the following three sets of functions on T^M. will give a conservation law for the Lagrangian 
L in formula ([3?20l) : 

/^(i;i,-U2,W3) = (Wl)^ + Civ2)'^ + c(f3)^, P{vi,V2,V3) = -2cWiW2, Pivi,V2,V3) = -2CV1V3; 
/^(W1,W2,W3) = 2z;iW2, P{vi,V2,V3) = -(Wl)^ - C(W2)^ + C(W3)2, P{vi,V2,V3) = -2cV2V3; 
/1(W1, 1)2,^3) = 2-U1U3, P{vi,V2,V3) = -2CW2W3, f^{vi,V2,V3) = -(Wl)^ + C(W2)^ - 2(1^3)2. 

None of these conservation laws are induced by Cartan symmetries. 

Theorem 13.91 shows that any Cartan symmetry of a Lagrangian L induces (locally defined) 
conservation laws, for fc > 1. 

For the case k = 1 the converse of this theorem is also true: any conservation law of a Lagrangian 
is induced by a Cartan symmetry. 

In the case fc > 1 such result is not true anymore, unless we require some extra assumptions. As 
we have already seen in ExamDle l3.10l there are examples of conservation laws for some Lagrangians, 
that are not induced by any Cartan symmetries. 

Part of the next proposition will show when conservation laws for a Lagrangian are induced by 
Cartan symmetries. 

Proposition 3.11. Consider L G C°°{T^Q) a Lagrangian, functions G C°° {T^Q) , and 

a vector field X G XiT^Q) such that equations are satisfied. Then /" is a conservation law 

for L if and only if X is Cartan symmetry. 

Proof. In view of Lemma 13.41 we will have to prove that X is a Cartan symmetry if and only if 
for all integrable SOPDE ^ G X\{TIQ). 
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Using formula ([XS)) . and the fact that ^ e X\{TlQ), we have 
(3.21) X{El) = ixdEL = -ixi^Lol = k^ixc^t = i^^df" = UD- 

From formula p.5p it follows that ~ 0. Therefore, X is a Cartan symmetry if and only if 

X{El) = and, in view of formula p.2ip . this is equivalent to ^.aif") =0. □ 

For the case fc = 1, the regularity condition of the Lagrangian implies that the Poincare-Cartan 
2-form w is a symplectic form and hence equation p.Sp always has a unique solution. In the case 
fc > 1, for some given functions /" £ C°°{T^Q), the system (|3.5p is overdetermined and it may 
not have solutions X G X{TlQ). We will provide examples when this is the case. 

Example 3.12. 1) Let us consider the following Lagrangians L : Tj^M — > R: 
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(a) L{q, Vi,V2) = -(cru? - rvj), (b) L{q, Wi, U2) = ^1 + (I'l)^ + (wa)^. 

The vector field X — d/dq on T^Q is a Cartan symmetry for both Lagrangians and the 
corresponding conservation laws are 

(a) f^av,, f- = -TV2, (b) f'= , , f-= , ■ 

The above Lagrangians correspond to the vibrating string equations and the equation 
of minimal surfaces, respectively, see [401 145j . 

2) For the Lagrangian L : T^^R R defined by 

the vector field X = d/dq is a, Cartan symmetry, and the induced conservation law is 

f\vi)^Vi, f{v2)^V2, f{v3)=V3. 

The Euler-Lagrange equations corresponding to L are the Laplace equations. 

3) For the Lagrangian L-.T^R^^R defined by 

L{q\q^vl,vl,v!,vl) = (^A + i.) [{vlf + {vjf] + ^i.[{vlf + [vff] + (A + i.)«M, 

the vector field X = d/dq^ + d/dq^ is again a Cartan symmetry. The induced conservation 
law is 

/I = (A + 2v)v\ + vvl + (A + v)vl, f = {X + iy)vl + vv\ + (A + 2v)vl. 
The Euler-Lagrange equations corresponding to L are the Navier equations, see [301 HI] 



In Proposition 13.81 we have seen that Cartan symmetries are Newtonoid vector fields. Next 
theorem shows that under some assumptions Newtonoid vector fields provide Cartan symmetries 
and hence conservation laws. This theorem generalizes the result obtained in the case fc = 1 by 
Marmo and Mukunda |36j for regular Lagrangians. 

Theorem 3.13. Consider L a regular Lagrangian on T^Q- We assume that there exists X G 
X(TfeiQ) and e C°°{T^Q) such that 

(3.22) niX)iL) = ^o(5"),V SOPDE 

Then, it follows: 

1) //^ G X'KT^Q) we have that tt^{X) is a Cartan symmetry for L. 

2) The functions /" = 9f^{X) — 5" give a conservation law for L. 

15 



Proof. 1) We have to prove that the following two conditions are satisfied 

(a) = 0, (b) C^^^x)El=0. 

(a) For each a G {f , fc} we denote the f -forms 

(3.23) 77" = £,.(X)^^2-t^5"• 
First we show that 

for arbitrary vertical vector fields V, Vi , V2 , . . . , 14 . First condition above is equivalent to the fact 
that 77" = r]fdq^ are semi-basic 1-forms. Moreover, using the fact that C^^i]" = ^aiil?)dq^ +'n?dvl^, 
it follows that the second condition will imply ry" = 0. 

Let ^Q, G X{T^Q) be a SOPDE and Va be vertical vector fields. It follows that = ^ K» are 
also SOPDEs. Using the fact that 61 are semi-basic 1-forms and Va are vertical vector fields, we 
have that iva^t ^ 0- Therefore, making use of the corresponding commutation rules, we have 

= i.,(x)dL - i^^,(x)dL - ivjg^ = Ug") - CaCff") - ^.(ff") = 0. 

In the above calculations we did use the fact that tt^{X) — 7rj/(X) = J"[Vc(, 7r^(X)] and the fact 
that the SOPDEs ^ and ^' satisfy the hypothesis p.22p . 

We fix now ^ G X\{TlQ), and since L is regular this means that £^„6'£ = dL. Using the 
notation p.23p we have 

Using the fact that [^q,, 7r^(X)] is a vertical vector fields, and the fc-symplectic structure in formula 
p.5p vanishes on pairs of vertical vector fields, it follows that for an arbitrary vertical vector field 
V we have 

£5„77"(l/)=c.£(K„,^5(X)],y) = 0. 
Hence, we proved that 77" = 0, which means that 

(3.24) C^^^x)02^dg". 

If we take the exterior derivative in the above formula it follows that CT^^i^x)^t — 0- 

(&) In order to prove that 7r^(^) is a Cartan symmetry it remains to show that 7r^(X)(£'L) = 0. 
For this we use the fact that C = J"(Ca) and hence C(L) = i^dL ~ Therefore, 

l^i{X){EJ^ - ^^(X)(C(L))-7r^(X)(L)=/:^^(;,)j5„0£-/:^^(x)L 

2) So far we have proved that 7rj(X) is a Cartan symmetry and it satisfies formula p.24p . Using the 
fact J" o TT^ = J" and Noether's theorem[321 it follows that the functions /" = 6'g(7r^(X)) - .g" = 
d1{X) — g" give a conservation law for L. □ 

Theorem 13.131 extends the results in Corollary 3.15 from [37]. Indeed if X = for some 
Z G X(M) and 5" G C°°(M) the condition (jX^ becomes Z'=(L) = vl^dg°'/dq\ It follows that ^''^ 
is a Cartan symmetry and the functions /" = 2""° (L) — define a conservation law. 
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